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Abstract
An approximate solution is presented for simple harmonic motion in the presence of weak damp-
ing through a force which is a general power-law function of the velocity. The approximation is
shown to be quite robust, allowing for a simple way to investigate amplitude decay in the presence
of general types of weak, nonlinear damping.
1
It is a standard rite of passage for the undergraduate mechanics student to explore the
solution to the harmonic oscillator in the presence of linear damping,1–3
mx¨+ kx− fα(x˙) = 0, (1)
for which fα(x˙)→ f1(x˙) = −bx˙. For initial conditions x(0) = x0 and x˙(0) = v0, the solution
for b
2m
< ω0 takes the form
4
x(t) = e−γt
[
x0 cos [ωt] +
(
v0 + γx0
ω
)
sin [ωt]
]
, (2)
where γ ≡ b
2m
, ω ≡
√
ω20 − γ2 and ω20 ≡ km . In the weak-damping limit γ ≪ ω0 when v0 = 0,
the solution simplifies substantially to
x(t) ≃ x0e−γt cos [ω0t] (γ ≪ ω0). (3)
Here Eq. (3) has the form x(t) ≃ A(t) cos(ω0t), which represents the undamped (γ = 0)
solution with a time-dependent amplitude. In the remainder of this note, this approximate
form is generalized for the case of arbitrary power-law damping functions, fα(x˙) = −βx˙|x˙|α−1
and the condition which generalizes the linear, “weak-damping” limit γ ≪ ω0 is discussed.
For an oscillator obeying Eq. (1), let us write the solution as x(t) = A(t) cos[ω0t], assuming
without loss of generality5 that x˙(0) = 0. The energy contained in the oscillator at some
time t is
E(t) =
1
2
mx˙2(t) +
1
2
kx2(t), (4)
=
1
2
kA2(t). (5)
Differentiating both sides of Eq. (4) with respect to time gives
E˙ = x˙ [mx¨+ kx] = fα(x˙)x˙, (6)
where the last line follows from using Eq. (1). Taking the time derivative of Eq. (5) gives
E˙ = kAA˙ and equating the two expressions for E˙ yields the relationship
kAA˙ = fα(x˙)x˙. (7)
Equation (7) becomes quite useful in the limit of weak damping, which may be quantified
by examining the velocity,
x˙(t) = −Aω0 sin[ω0t] + A˙ cos[ω0t]. (8)
By weak damping, one generally means that the system does not lose an appreciable amount
of energy in a single oscillation. Since the instantaneous energy is proportional to A2, weak
damping is defined to occur when |A˙| ≪ ω0A, so one may approximate x˙(t) ≃ −ω0A sin[ω0t].
Using Eq. (7) and taking fα(x˙) = −bx˙|x˙|α−1, one may separate variables and integrate.
Taking A(0) = x0, the result is
A(t)1−α − x1−α0
1− α = −
bω1+α0
k
∫ t
0
| sin1+α(ω0t′)|dt′
(α 6= 1). (9)
The case α = 1, corresponding to linear damping, must be treated separately, giving6
ln
A(t)
x0
= −bω
2
0
k
∫ t
0
sin2(ω0t
′)dt′ (α = 1). (10)
In either case, the remaining work concerns the integrals appearing on the right-hand sides
of Eqs. (9) and (10). Owing the the periodic, non-negative nature of the integrand, the
result should be approximately proportional to time t. Therefore we may write∫ t
0
| sinα+1(ω0t′)|dt′ ≃
〈∣∣sin1+α (ω′t)∣∣〉 t, (11)
where 〈f(t)〉 denotes the average value of a function f . For a periodic function f(t), the
average only needs to be computed over a single period. In the case of | sinα+1(ω0t)|, the
period is pi
ω0
, and this average can be evaluated in terms of the Euler beta function7,8
∫ t
0
| sinα+1(ωt′)|dt′ ≃ 2α+1B (α
2
+ 1, α
2
+ 1
)
t/pi. (12)
where B(x, y) ≡ Γ(x)Γ(y)/Γ(x+ y). For α 6= 1, the result is
A(t) = x0
[
1 + (α− 1)b(2ω0)
α+1t
pikx1−α0
B
[α
2
+ 1,
α
2
+ 1
]]− 1
α−1
(α 6= 1). (13)
The expression for α = 1 in Eq. (10) simplifies considerably,
ln
A(t)
x0
α→1−−→ −bω
2
0t
2k
= − bt
2m
, (14)
so that x(t) ≃ x0e−γt cos[ω0t], in agreement with the exact solution, Eq. (2). A nice feature
of Eq. (13) is the relative ease with which one can get the approximate form for A(t) for
3
more general types of damping. For context, the cases α = 2 and α = 0 were obtained
separately in Ref. 9. Taking α = 2 so that f(x˙)→ −bx˙|x˙|, Eq. (13) gives
A(t) ≃ x0
1 + 4bω0x0t
3pim
(quadratic damping), (15)
so that at long times, the amplitude is independent of the initial value x0.
10 The case of
sliding friction is obtained in the limit α→ 0 so that f(x˙)→ −b x˙
|x˙|
= −bsgn(x˙), giving
A(t) ≃ x0 − 2bt
pimω0
(sliding friction), (16)
corresponding to a linear rate of change of the oscillation amplitude for sliding friction.9,11–13
The generality of Eq. (13) allows one to also consider non-integer values for α. Taking
|f | ∝ |x˙| 32 gives
A(t) ≃ x0
[
1 +
3bt
√
2x0ω0Γ
2
(
3
4
)
5pi
3
2m
]−2 (
α =
3
2
)
. (17)
The (approximate) ansatz x(t) ≃ A(t) cos(ω0t) with A(t) given by Eq. (13) turns out to
be quite robust. The validity of the weak-damping condition |A˙| ≪ ω0A generalizes the
statement for the linearly-damped oscillator that b
2m
≪ ω0. For general α 6= 1, one must
have
|A˙|
A
= κω0 |1 + (α− 1)κω0t|−1 ≪ ω0, (18)
where κ ≡ 2b(2ω0)αB
[
α
2
+ 1, α
2
+ 1
]
/(pikx1−α0 ) is a dimensionless parameter. Considering
α >∼ 1, the second factor in Eq. (18) becomes quite small at long times. However, the factor
of κ, which governs the size of |A˙|
A
at short times, depends on several physical constants as
κ ∼ bω
α
0
kx1−α0
, (19)
so that if κ is too large, the approximation could break down at short times. Interestingly,
in the limit α = 0, Eq. (18) predicts the approximation to work well for short times if
2b
pimω0
≪ ω0x0 − 2bt
pim
. (20)
Because of Eq. (20), the approximation is doomed to break down at some point for any
parameter choices. Figure 1 depicts the gradual breakdown for the case α = 0. For α > 1
and modest values of κ, agreement between numerical and approximate solutions at long
times ω0t≫ 1 is generally quite good, as shown in Figure 2.
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FIG. 1: Comparison of numerical solution of Eq. (1) with α = 0 to analytic approximation xa(t) =
A(t) cos(ω0t) with A(t) given by Eq. (16). Here κ ≈ 0.042, so that according to Eq. (20) the
approximation should work well at short times. Sliding friction allows for the mass to stop away
from equilibrium, which is not captured by the approximate solution.
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FIG. 2: Comparison of numerical solution of Eq. (1) with α = 32 to analytic approximation xa(t) =
A(t) cos(ω0t) with A(t) given by Eq. (17). Here κ ≈ 0.19. The case shown is fairly generic for
α > 1 in which the approximation is quite robust, even for modest κ.
The method described in this note allows one to investigate the nature of amplitude decay
rate in oscillating systems with any type of power-law damping. This approach provides a
concise theoretical complement to the experimental investigation of nonlinear damping in
oscillating systems. In particular, one could create a fairly rich lab experiment with strong
theoretical and computational components by using the TeachSpin Torsional Oscillator14
which offers ways of producing linear (α = 1), quadratic (α = 2) and sliding (α = 0) drag
in a mechanical system with a nearly linear restoring force.
5
Acknowledgments
I am indebted to Joseph Starobin for helpful discussions and for introducing me to Ref. 10.
∗ Electronic mail: jlancas2@highpoint.edu
1 J. R. Taylor, Classical Mechanics, (University Science Books, Saulsalito, CA, 2005).
2 S. T. Thornton and J. B. Marion, Classical Dynamics of Particles and Systems, 5th ed.
(Thomson-Brooks/Cole, Belmont, CA, 2004).
3 G. R. Fowles and G. L. Cassiday, Analytical Mechanics, 7th ed. (Thomson-Brooks/Cole, Bel-
mont, CA, 2005).
4 F. J. McCormack, Am. J. Phys. 63, 1151 (1995).
5 For arbitrary v0, one can let cos[ω0t]→ cos [ω0t+ φ] and no difficulties arise with the argument
presented.
6 Alternatively, one may take α → 1 in Eq. (9) by writing x1−α = e(1−α) lnx and expanding the
exponential for small ǫ = 1 − α. After canceling the divergent terms, the limit may be taken,
giving Eq. (10).
7 I. S. Gradshteyn and I. M. Ryshik, Table of Integrals, Series and Products, 7th ed., edited by
A. Jeffrey and D. Zwillinger (Academic Press, New York, 2007).
8 Of course, one can also pick a specific value α and then compute the integral without ever
invoking B(x, y) as is shown for the two most physically reasonable cases in Ref. 9.
9 X. J. Wang, C. Schmitt and M. Payne, Eur. J. Phys. 23, 155 (2002).
10 Y. B. Zeldovich and I. M. Yaglom, Higher Math for Beginners, trans. Eugene Yankovsky (Mir
Publishers, Moscow, 1987).
11 C. Barratt and G. L. Strobel, Am. J. Phys. 49, 500 (1981).
12 A. Marchewka, D. S. Abbott and R. J. Biechner, Am. J. Phys. 72, 477 (2004).
13 P. Onorato, D. Mascoli and A. DeAmbrosis, Am. J. Phys. 78, 1120 (2010).
14 http://www.teachspin.com/torsional-oscillator.html
6
